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Abstract 

For integers n > k > I > 1 and fc-graphs F, define (n, F) to be the 
smallest integer d such that every fc-graph H of order n with minimum 
/-degree Si(H) > d contains an _F- factor. A classical theorem of Hajnal 
and Szemeredi [5] implies that tl{n,Kt) = (1 — l/t)n for integers t. For 
k > S, t'l_i{n, K^) (the Sk-i{H) threshold for perfect matchings) has 
been determined by Kiihn and Osthus [17] (asymptotically) and Rodl, 
Ruciriski and Szemeredi [22] (exactly). 

In this paper, we generalise the absorption technique of Rodl, Rucihski 
and Szemeredi [22] to _F-factors. We determine the asymptotic values of 
ti{n, K^{m)) for fc = 3, 4 and m > 1. In addition, we show that 

for some 7 > as well as constructing a lower bound on t2{n,Kf). In 
particular, we deduce that iK"-, -K^l) ~ (3/4 + o(l))n answering a question 
of Pikhurko [20]. 

1 Introduction 

Given graphs G and F, an F-factor (or perfect F-tiling) in G is a spanning 
subgraph consisting of vertex disjoint copies of F. Clearly, G contains an 
_F-factor only if |_F| divides \G\. Given an integer t and a graph G of order 
n with t\n, we would like to know the minimum degree threshold that 
guarantees a Tft-factor in G. Notice that the minimum degree must be at 
least {t — l)n/t by considering a complete t-partite graph with partition 
classes Vi, . . . , Vt with |Vi| = n/t - 1, \Vt\ =n/t + l and \Vi\ = n/t for 
1 < i < t. In fact, S{G) > {t — l)n/t suffices. For t = 2, this can be easily 
verified using Dirac's Theorem [4] . Corradi and Hajnal [3] proved the case 
for t — 3. All remaining cases t > 4 can be verified by a classical theorem 
of Hajnal and Szemeredi [5]. In this paper, we ask the same question for 
hypergraphs. 



*2010 Mathematics Subject Classification: Primary 05C65, 05C70, 05C07. Key words and 
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We denote by C^) the set of all l-aets oi U. A k -uniform hypergraph, 
k-graph for short, is a pair H = {V{H),E{H)), where V{H) is a finite set 
of vertices and E{H) C (^'jf^')- Often we write V instead of V{H) when 
it is clear from the context. For a fc-graph H and an /-set T G (Y), let 
deg(r) be the number of (fc — Z)-sets S G {i^i) such that S U T is an edge 
in H, and let Si{H) be the minimum l-degree of H, that is, mindeg(r) 
over all T G (Y). Note that 5i{H) (or 5k-i{H)) are the minimum vertex 
degree (or codegree respectively) of H. 

Analogously, given a hypergraph H and a family of hypergraphs, 
an J^-factor is a spanning subgraph consisting of vertex disjoint copies 
of members of J^. For a family r of fc-graphs, define ti{n,T) to be 
the smallest integer d such that every fc-graph H of order n satisfying 
Si{H) > d contains an J^-factor. Throughout this paper, is assumed to 
be {F}, so we simply write .F-factor and t'l{n,F). Moreover, we always 
assume that divides n whenever we talk about tf{n,F). lil = k-l, 
we simply write t^{n,F). Let tf{n,t) denote ti{n,Kt), where Kt is a 
complete fc-graph on t vertices. Thus, t^{n,t) = [t — l)n/t. For graphs 
(that is, 2-graphs) F, there is a large body of research on t^{n,F), for 
surveys see [T51 [23] • 

However, only a few values of (n, F) are determined for fc-graphs F, 
fc > 3 and 1 < Z < fc. Note that is a single edge, so a if^-factor 
is equivalent to a perfect matching. Kiihn and Osthus [T7] showed that 
t'°(n, fc) = n/2 -|- 0{^/rl]ogn). Later, Rodl, Ruciriski and Szemeredi |22) 
evaluated the exact value of t*(n, fc) using an absorption technique. Han, 
Person and Schacht [TD] conjectured that 

tf(n,fc).max|i,l-(l-i)^"}Q. 

We recommend [21] for a survey of the recent developments in tf(n, fc). 
Pikhurko [20] showed that 3n/4-2 < t^{n, 4) < 0.860n and asked whether 
t^{n,4) = 3n/4-2. For the unique 3-graph F of order 4 and size 2, Kiihn 
and Osthus [16] showed that t"^(n, F) = (l/44-o(l))7i. Recently, Kierstead 
and Mubayi [TJ proved a generalisation of Hajnal-Szemeredi theorem for 
3-graphs and vertex degree, which implies that 

'■<"•" ^('-Fs?w;y)(;) 

for some constant c > 0. 

One of the key techniques in finding perfect matchings (evaluating 
ti{n, fc)) is the absorption technique, which was first introduced by Rodl, 
Rucinski and Szemeredi [22]. Roughly speaking, the absorption technique 
reduce the task of finding a perfect matching in H to finding an almost 
perfect matching, that is, a matching covering all but at most e\H\ vertices 
for some small e > 0. Here, we generalise the absorption technique to F- 
factors. 

For a fc-graph H and a vertex set U C V{H), H[U] is the subgraph of 
H induced by the vertices of U. We write v to mean the set {v} when it is 
clear from the context. Given a fc-graph F with \F\ — t, an integer i > 1 
and a constant > 0, we say that a vertex x is {F, i, rj) -close to a vertex y 
if there exist rjn^*~^ sets S G Cit"i) of size it—1 such that Sr\{x,y} =0 
and both H[S U x] and H[S U y] contain _F-factors. Moreover, H is said 
to be (F,i,rj) -closed if every two vertices are {F,i,r})-close to each other. 



2 



We say that H has an almost F-factor T to mean that T is a set of vertex 
disjoint copies of F in such that \V{H)\V{T)\ < e\H\ for small e > 0. 
We now state the absorption lemma for F-factors. 

Lemma 1.1 (Absorption lemma for _F- factors). Let t and i be positive 
integers and let rj > 0. Let F be a hypergraph of order t. Then, there is 
an integer no satisfying the following: Suppose that H is a hypergraph of 
order n > no and H is {F,i,ri) -closed, then there exists a vertex subset 
U C V{H) of size \U\ < (r;/2)*n/4 such that there exists an F-factor in 
H[U^W\ for every vertex set W C V\U of size \W\ < (r?/2)^*tn/32 with 
\W\ G tZ. 

Note that in the above lemma H and F are not necessarily fc-graphs, 
but we only consider fe-graphs here. Equipped with the absorption lemma, 
we can break down the task of finding an _F-factor in large hypergraphs 
H into the following algorithm. 

Algorithm for finding F-factors. 

1. Remove a small set Ti of vertex disjoint copies of F from H such 
that the resultant graph Hi — H[V\V{Ti)] is {F, i, r])-closed for some 
integer i and constant r/ > 0. 

2. Find a vertex set U in V{Hi) satisfying the conditions of the absorp- 
tion lemma. Set H2 = Hi[V{Hi)\U]. 

3. Show that H2 contains an almost F-factor, i.e. a set T2 of vertex 
disjoint copies of F such that | V(//2)\V(72)| < e\H2\ for small e > 0. 

4. Set W = V{H2)\V{T2). Since H2[U U W] contains an F-factor % 
by the choice 0/ [/, 71 U 72 U Ta is an F-factor in H . 

We now apply the algorithm to various fc-graphs F. We would like to 
point out that Steps 1 and 3 of the algorithm require most of the work. 

A fc-graph H is k-partite with partition Vi, . . . , Vfc, if = Vi U • • • U 14 
and every edge intersects every Vi in exactly one vertex. We denote by 
K^{mi, . . . ,mk) the complete fc-partite fc-graph with parts of sizes mi, 
. . . , nik. If m = nii for 1 < i < mfe, we simply write K^{m). Clearly, 



For m — I, Han, Person, Schacht [T^ evaluated fi(n, 3) asymptotically. 
Kiihn, Osthus and Treglown [19] and independently Khan [12] determined 
the exact value of tl{n,3). Also, Khan [13] evaluated ti(n,4) exactly. 

RecaU that t^{n,t) = t\_i{n,Kt). For t = fc + 1, we give a lower 
bound on t''(n,k + 1) for fc > 4 as well as bounding t^{n,k + 1) from 
below for fc > 4 even. 

Theorem 1.3. Given an integer k > 3 and a constant 7 > 0, there exists 
an integer no = no{k, 7) such that for n> no and k + l\n 



ti{n,Kt{m)) >tf{n,Kt) ^tf{n,k). 



As a simple application of the absorption lemma, we show that ti{n, K^{m)) 
equals ti{n, k) asymptotically for integers fc = 3, 4 and m > 1. 

Theorem 1.2. For integers m > 1 and fc = 3, 4 





where Ik, odd = 1 if k is odd and Ik, odd = otherwise. Moreover, t''{n, fc + 
1) > 2n/3 for integers fc > 4 even. 
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Furthermore, we bound from above t''{n,t) from above for t > k > S. 
Theorem 1.4. For integers n > t > k > 3 with t\n, 



where ^ is a strictly positive function tending to zero as t and n tends to 
infinity. In particular, t?'{n,4) < (3/4 + o(l))n. 

Pikhurko [20] showed that f^(n,4) > 3n/4 - 2, so t^(n,4) = (3/4 + 
o(l))n. In fact, Theorem 11.41 is derived from the following stronger state- 
ment. 

Theorem 11.41 . For integers t>k>3 and constants 7 > 0, there exists 
an integer no = no{k, t, 7) such that for n > no and t\n 



t''{n,t) < I I - mm \l3{k,t),^-^} +7 



where the function fi(k,t) is explicitly defined in Section^ 

We would like to point out that the terms /3(fc, t) and A~ \ , come from 



Step 1 and Step 3 of the algorithm respectively. We believe that the bound 
in Theorem 11.41 is sharp in the sense that Sk~i(H) > ^1 — [l.Z_\) n is 

needed to guarantee that every Kt^i in H can be extended to a Kt . For 
A: = 3, we give the following lower bound on t^(n, t). 

Proposition 1.5. For integers n > t > A with n sufficiently large and 
t\n, 

t^{n,t) > (1 - Clogt/t'^)n, 

where C > is an absolute constant independent of n and t. 

However, for f > A: > 4, we know that t''(n,t) > (1 — (fc — l)/t)n — 
k + 2. Indeed, this is true by considering the following fc-graph H of order 
n such that there exists a vertex subset W of size \W\ = {t — k+ l)n/t — 1 
and every edge in H meets W . Thus, we ask the following question. 

Question 1.6. How does t^{n,t) behave for t > k > 3 as n ^ 00? Is 
i\n,t) ~ {l - C\ogt/t^)n or t^{n,t) ~ {l ~ C /t^) n for n large and 
some constant C ? 

As an auxiliary result, we also prove the following. 

Theorem 1.7. Let c, e > be constants. Let t > 3 and \ >1 be integers 
such that (Af)^'(log Af)^^*^ < ct^ . Then, there exist absolute constants 
< ci < C2 independent of c, e, t and X such that 

log(At) log(At) 
where Bx = iC|(l, 1, A + 1). 
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2 Layout of the paper and preliminaries 



The paper is structured as follows. First, we set up some basic notations 
in Section [2. II as well as studying some properties of being (F, i, 7;)-close. 
Next, we look at the Ramsey number R[B\,Kf), Theorem 11.71 in Sec- 
tion l2.2l In Section[3l we prove the absorption lemma. Lemma [1.1 1 Then, 
we apply the absorption lemma to prove Theorem 11.21 that is evaluating 
t\{n, K^{m)) for integers fc = 3, 4 and m > 1 in Section 

The remainder of the paper is focused on bounding t^{n,t). In Sec- 
tion O we bound t^{n,t) below by constructions. We give a lower bound 
on /;'°(n, fc + l) for k> A even, followed by a lower bound on t^{n, t), which 
proves Proposition 11.51 In Section (6] we bound t''{n,k + 1) from above, 
which proves Theorem 11.31 With further works, we bound t^{n,t) from 
above, which proves Theorem 11.41 in Sections [7] 

2.1 Notations 

For a £ N, we refer to the set {1, . . . , a} as [a]. 

Throughout this paper, H is assumed to be a fc-graph H of order n. 
The maximum l-degree Ai{H) is simply the maximal deg(T) over all T G 
(Y). Given an Z-set T G (Y), the neighbourhood N(T) of T is the set 
of (fc — /)-sets S G {j}Li) such that T U 5* is an edge in H. Clearly, 
deg(r) = \N{T)\. For s-sets S € (^), define 

J V\S if s < fc - 1 

For fc-graphs F, integers i and constants rj > 0, denote by NF,i,ri{x) 
the set of vertices y G V{H) that are i, 77)-close to vertex x. We say 
that a vertex set U is {F, i, 77)-closed in H if for distinct vertices x,y £ U, 
X is i, ?7)-close to y. 

In the next two propositions, we show that the property of being 
(F, i, 77)-close is 'additive'. 

Proposition 2.1. Let ii, 12 and t be positive integers and let r]i,ri2,e > 
be constants. Let F and H be k-graphs ofordert andn > no{ii,i2,t,r]i,Tj2,e) 
respectively. If 

|A*'F,ii,7,i(a;) n A''f,j2,»)2(2/)I > '^'^ 
for two distinct vertices x,y £ V{H), then x is {F,ii + i2,ri)-close to y, 
where rj = ri{ii,i2,t,r]i,rj2,e) > 0. 

Proof. Let nij — ijt — 1 for j — 1,2 and m — m\ + 7712 + 1. Let 
no — max{ 277^""^, 211*772""'} and 77 — 6771772/(4771!). Fix z G -^F,ii,i7i (a;) n 
NF,i2,r]2{y)- Since z G Np.ii.t^iix), there are at least 

mi mi —1 ^ mi in 

77177 — 71 > 77177 /2 

7ni-sets Sx such that Sx n {x, y,z} — II) and both H[Sx U x] and H[Sx U z] 
contain _F-factors, and fix one such Sx. Similarly, there are at least 

77277 ^ — (71 + Ijn - > 77271 /2 

7n2-sets 5*1, such that Sy H {Sx U {x,y,z}) = and both H[Sy U y] and 
H[Sy U z] contain _F-factors, and fix one such Sy. Set S = Sx U Sy U z. 
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Note that both H[S U x] and H[S U y] contain _F-factors and \S\ = m. 
Furthermore, note that there are at least 



such 5", so X is (_F, ii +12, r;)-cIose to y. □ 

By a similar argument, we have the following proposition of which the 
proof is omitted. 

Proposition 2.2. Let i\, 12 and t be positive integers and let rji,ri2,e > 
be constants. Let F and H be k-graphs ofordert andn > no{i\,i2,t,rii,rj2,e) 
respectively. If y is {F,ii,rii) close to x and \NF,i2,v2i^)\ — then x is 
{F, ii + i2,rj)-close to y, where rj = ri{ii,i2, t, 7)1, 7^2, e) > 0. 

Since NF,i,r]i{x) C Nf,i,7ji{x) by a suitable choice of rji, by the above 
proposition the following two statements are equivalent: 

• For every pair of vertices x,y £ V{H), x is (F, i^^.y, ?;a:,y)-close to y 
for ix^y < io and r^^^y > 0. 

• H is (F, io, 77o)-closed for some ryo > 0. 

2.2 Ramsey number of 3-graphs 

Recall that the Ramsey number R{S, T) of fc-graphs 5* and T is the mini- 
mum integer A'^ such that if we edge colour with colours red and blue 
then there exists a red monochromatic S or blue monochromatic T. Given 
an integer A > 0, let B\ be the 3-graph on vertex set {x, y,zi, . . . , za+i} 
with edges xyzi for 1 < i < A + 1. In other words, B\ — Ki{l, 1, A + 1). 

First we bound R{Bx, Kf) from below. A partial t — (n, k, A) design is 
a family J of fc-sets in [n] such that every t-set T is contained in at most 
A fc-sets in J. Note that a partial 2 — (n, 3, A) design does not contain 
a Bx. We are going to construct a partial t — (n, fc. A) design with a small 
independence number by modifying a construction of Kostochka, Mubayi, 
Rodl and Tetali [15] . It should be noted that Grable, Phelps and Rodl [8] 
constructed 2— (n, fc. A) design with small independence number, but n is 
a even power of a sufficient large prime. 

Proposition 2.3. For integers t,k,\,x > 0, there exists a partial t — 
(n, fc. A) design H with 



and the independence number of H is less than x. 

Proof. We consider the following constrained random process. First we 
order all fc-sets of [n] at random: Ei, . . . , Efji^ . Let Hq be the empty graph 

on vertex set [n]. For 1 < j < (^), set Hj = Hj-i + Ej if Hj-i + Ej is a 
partial t— (n, fc. A) design, otherwise Hj — Hj-i. Let H — H^n-^ . Our aim 
is to show that with positive probability that the independence number 
of H is less than x. 

Fix an x-set X. Let Bx be the event that X is an independent set 
in H{n,k). Observe that Bx implies that for every fc-set T d X there 
exist an 5* € ("^) and edges iJjj, . . . , Ei^ not in X preceded T (in the 
ordering) with S C Ei^ for 1 < j < A. This implies t < \Ei^ n X| < fc - 1 



en X 7?in'"i /2 x 7?2n'"" /2 
m! 



= rjn 



m 
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for 1 < j < A. Call an edge E in H a witness for T G (^) not to be 
included in _ff if _E precedes T in the ordering and \E r\T\ > t. Thus, in 
order for Bx to happen, each T € (^) must have at least A witnesses. 
Each edge E in H can be a witness for at most {^~^/^) {^ZD k-sets T C X. 
Therefore, if Bx happens, there are at least 

witnesses. 

For j > 1, let Aj = Ax,j denote the event that the first j edges Ei-^, 
Ei^, El. in H satisfy t < \Ei^ n X| < fc for 1 < i < j. Note that 
Bx implies Am- Our task is to bound the probability of Am from above 
by (") . We further assume that Ei^ is the witness that appears first in 
the ordering, and that for each 1 < j < m, Ei. is the first witness which 
comes after Ei, -^. Let = Hi -i be the family of all fc-sets included in 
H{n,k) before jth witness Ei^ is chosen. For 1 < j < \m/2], let Sj be 
the collection of all fc-sets such that IXriS*! > t and | -En 5*1 < i for all but 
at most A edges E £ . The fc-graph contains precisely j — 1 edges 
E with t < \E r\ X\ < k — 1. Each of these is a witness for at most 

EnX\\fx-t\ ^ fk-l\fx-t 
t J \k - tj - \ t J \k-t 

fc-sets T G (^) . Consequently, the number of fc-sets T in X with less than 
A witnesses at this stage is 

, X\ I x\ j — 1 I k — l \ I X — t 



k I \ k I A \ t j \ k — t 













(x 


>- 






k 



[m/2] - l(k-l\lx-t\ > l/a: 



A \ t j \k - t j - 2\ k , 
Since Am C Am-i C • ■ • C j4i, we have 

P{Am) = P{Al)P{A2\Al) . . . P{Am\Am-l). 

Note that each of the events Ai and j4j+i | j4j , j = l,...,m— 1 corresponds 
to a random choice from the set Sj with the result that the chosen set 
belongs to 5A(fe)- Since i5i| < (") (fe" j) we have 

Furthermore, for 1 < j < [m/2]. 



This yields 



5.1 ISA - 2^) 



p{Am) <p(^i) n ^(^l^-l) 

l<j<\m/2] 

[m/2] 

< I 1 ^^-^ 



< exp 



2© 



4(n)._,(fc),e;^)(^) 
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Note that 



/n\ J / en X{x-l)k-i 

(><'«f-8„.-.,*MV)(;).^^"'- 

where the last inequahty holds due to our choice of n. Thus, by the union 
bound with positive probability that the independence number of H is 
less than x. □ 

Proof of Theorem \1.7\ The lower bound is proved by Proposition l2.3l so it 
is enough to prove the upper bound. Let n = C2\t^ / log(At) and r — \j \n, 
where C2 is a constant to be chosen later. Let H he a. 3-graph of order 
n with /S.2{H) < X, so H does not contain a Bx. It is enough to show 
that the independence number of H a{H) > t. Note that Ai{H) < Xn = 
t'^. The number of 2-cycles, that is the number of Bi in H, is at most 
(2) (2) — '^'''^"'^ by our choices of e, c, A and t. Then, by a theorem of 
Duke, Lefmann and Rodl [5], there exists a constant c" such that 



a{H) > c" — vTogr = c" \/n log(An)/2A 

T 

which is greater than t by choosing C2 large. □ 



3 Proof of the absorption lemma 

Here we prove the absorption lemma. Lemma ll. II of which the proof is 
based on Han, Person and Schacht [10) . 

Proof of Lemma \l.l\ Let H he & hypergraph of order n > no such that 
H is (_F, i, ?7)-closed. Throughout the proof we may assume that no is 
chosen to be sufficiently large. Set mi = it — 1 and m = {t — l)(mi + 1). 
Furthermore, call a m-set A G (^) an absorbing m-set for a t-set T G ) 
if A n T = and both H[A] and H[A U T] contain F-factors. Denote by 
C{T) the set of all absorbing m-sets for T. Next, we show that for every 
t-set T, there are many absorbing m-sets for T. 

Claim 3.1. For every t-set T € (Y), \C{T)\ > (77/2)* Q). 

Proof. Let T = {vi , . . . , Wt} be fixed. Since vi and u are {F, i, 77)-connected 
for u (f:T, there are at least ryn^^ mi-set S such that H[Syjvi\ contains an 
_F-factor. Hence, by an averaging argument there are at least rjn*^^ copies 
of F containing t>i. Since no was chosen large enough, there are at most 
(t— l)n*^"' < 77n*^^/2 copies of F containing vi and Vj for some 2 < j < t. 
Thus, there are at least r;n'~^/2 copies of F containing vi but none of 
V2,...,Vt. We fix one such copy of _F with = {«i , «2, lit}. Set 

Ui = {u2,...,ut} and Wo = T. 

For each 2 < j < t and each pair Uj , Vj suppose we succeed to choose 
an mi-set Uj such that Uj is disjoint from Wj-i — Uj^i U Wj-2 and both 
H[Sj U Uj] and H[Sj U Vj] contain F-factors. Then for a fixed 2 < j < t 
we call such a choice Uj good, motivated by ^4 = Ui<j<t •S'j being an 
absorbing m-set for T. 

In each step 2 < j < t, recall that Uj is i, 7;)-closed to Vj, so there 
are at least rjn"^^ mi-sets 5* such that H[S U Uj] and H[S U Vj] contain 
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F-factors. Note that there are t + {j — l)mi vertices in Wj-i- Thus, the 
number of such mi-sets S intersecting Wj is at most 

(t + (j - l)mi)n'"i^' < (t+(t-2)mi)n*i~' < 7771*72. 

For each 2 < j < t there are at least rjn"^^ /2 choices for Sj and in total 
we obtain {r)/2Yn"^ absorbing 7n-sets for T with multiplicity at most m!, 
so the claim holds. □ 

Now, choose a family of m-sets by selecting each of the (^) possible 
m-sets independently with probability p = (77/2)*n/(8(^)). Then, by 
Chernoff's bound (see e.g. pQ) with probability 1 — o(l) as n — s> cxj, the 
family J" satisfies the following properties: 

<(77/2)*n/4 (1) 

and 

|/:(T) n F| >(?7/2)^*n/16 (2) 

for all f-sets T. Furthermore, we can bound the expected number of 
intersecting m-sets by 



n \ in 

xmx ,..f- 
ml \m-l] - \2J 32 



Thus, using Markov's inequality, we derive that with probability at least 1 /2 

— j — intersecting pairs. (3) 

Hence, with positive probability the family has all properties stated in 
((TJ, ((21 and ((3]). By deleting all the intersecting m-sets and non-absorbing 
m-sets in such a family J^, we get a subfamily consisting of pairwise 
disjoint balanced m-sets, which satisfies 

\£.{T) n -F'l >(r//2)''n/16 - (77/2)''*n/32 = (77/2)''*n/32 (4) 

for all t-sets T. Set U — V{J-'). Since consists only of absorbing m-sets, 
H[U] has an F-factor. For a set VK C V\U of size \W\ < {r]/2fHn/S2 
and \ W\ £ tZ, W can be partition in to at most (77/2)^*71/32 t-sets. Each 
t-set can be successively absorbed using a different absorbing m-set, so 
H[U U W] contains an F-factor. □ 



4 i<'^(m)-factors 

Our aim of this section is to prove Theorem 11.21 which determines the 
asymptotic values of tf (n, iff (m)) and ti{n, Kf{m)). Without loss of 
generality, we may assume that m > 2 for the remainder of this section. 

For fc-graphs H and constants a > 0, a (fc— l)-set S £ {k^i) is said to 
be a-good for vertices x and y if deg(5') > an and x,y £ N{S). Otherwise, 

5 is a-bad. A pair of vertices {x,y) is a-good if there are at least a(j,"j^) 
a-good (fc — l)-sets 5* G (^^i) for x and y. First, we need the following 
result of Erdos . 

Theorem 4.1 (Erdos [B]). For integers k,m > 2, there exists an integer 
no — no{k,m) > such that every k-graphs H on n > no vertices with at 
least T!,*^"' edges contains a K^{m). 
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Corollary 4.2. For integers k,m > 2 and constant /3 > 0, there exist a 
constant c = c(/3, k, m) > and an integer no = no{l3, k, m) > such that 
for every k-graphs H onn > no vertices with at least fSn'' edges, there are 
at least cn''"^ copies of K^{iji) in H. 

Now, we show that if {x,y) is a-good, then x and y are {K^{m), 1,7])- 
close to each other. 

Lemma 4.3. Let k,m>2 be integers and a > 0. There exist a constant 
ri = r]{a, k, m) and an integer no — no (a, k, m) such that for every k-graph 
H of order n > no, if {x, y) are a-good in H for x,y £ V{H) then x and 
y are {K^{m),l,ri)-closed to each other. 

Proof. Let H be a fc-graph of order n sufficiently large. Suppose that {x, y) 
are a-good for x,y £ V{H). By the definition of {K^{m), l,?7)-close, it is 
enough to show that there exist at least cn'''^^ copies of K!^ (m, . . . , m, m-\- 
1) (not necessarily vertex disjoint), which contains x and y in the partition 
of size m + 1 for some constant c = c(a, k, m) > 0. Since {x, y) is Q-good, 
by an averaging argument there exist at least an/2 vertices z satisfying 

|iV(x)niV(y)niV(^)|>a|^^^^ 

Thus, there are at least c'n''°^^'' copies of A'^l|(m) in N[x)r\N{^y)r\N{z) 
by Corollarv l4.2l For each (fc— l)m-set T C V, denote by deg'(r) the num- 
ber of vertices z £ V^\{3;, y} such that TU{x, y, z} forms a (m, . . . , m, 3) 
of which the partition of size 3 is exactly {a::, y, z}. Hence, 

deg'(r) > c'n^'=-'''" X an/2. 

Therefore, the number of copies of K^{m, . . . ,m,m -\- 1), of which the 
partition of size m -f 1 contains both x and y, is equal to 



E 



deg'(T)\ / n UE deg'(T)/Q,_1,_ 
m-1 -\{k-l)m \ m-1 



-'(fc-l)mJl m-1 



for some suitable chosen constant c = c(c', k, m) — c(a, k, m) and n suffi- 
ciently large, where the first inequality is due to Jensen. □ 

By a similar argument, we also have the following result. 

Proposition 4.4. Let k,m > 2 be integers and 7 > 0. There exist a 
constant c — c(^,k,m) and an integer no — no(^,k,m) such that every 
k-graph H of order n with 5\ (H) > (1/2-1-7) '"^'^ every vertex v £V , 

there exists at least cn''™'~^ copies of K^{Tn) containing v. 

Also, we would need the following result from Khan |12l I13j , which 
shows the existence of an almost Jf* (m)-factors for fc = 3, 4. The result 
was not stated explicitly, but it is easily seen from his proofs (for the non 
extremal cases). 
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Lemma 4.5 (Khan [121113) ). Let fc = 3, 4 and m > 2 be integers. Let 7 be 
a strictly positive constant. Then there exists an integer no — 110(7, ^) 
such that every k- graph H of order n > no with 



^64 

contains a set T of vertex disjoint copies of (m) in H covering all but 
at most yn vertices. 

We are now ready to prove Theorem 11.21 
Proof of Theorem Let fc = 3, 4 and m > 2. Recall that 

tUn,KUm))>tUn,K^k), 

so it is enough to show the upper bound. Let 7 and a be strictly positively 
small constants with a << 7. Let H be a fc-graph of order n sufficiently 
large with 



5i{H) > 



;|+7)(") iffc = 3 
;i+7)(3) iffc = 4. 



We are going to show that H contains a Tff (m)-factor. We follow the 
algorithm for finding F-factors as stated in Section [T] 

Step 1 Since Si{H) > (1/2 + 7')(fe"i). if i^,y) is "-bad then there 
are at least (27' - a) (j." J a-bad (fc - l)-sets S £ N{x)r]N{y). We claim 
that there are at most (k — l)-sets S £ (^^1) with d{S) < an. 

Otherwise, 

|+v)(,!,)<E*)- E ^(^)<^(,!,) 

a contradiction. Therefore, there are at most 

(T)(.-i)/2 ^a^fn 



(27-«)(."i) 7 V2 

«-bad pairs in H. Hence, we have at most 4a^n/7 vertices that are in 
at least n/4 a-bad pairs. By Proposition 14.41 and greedy algorithm, there 
exists a collection 7i of vertex disjoint copies of K^{m) covering these 
vertices. Clearly, |V(ri)| < Aa'^kmn/-f. Let Hi = H[V\V{Ti)]. Note 
that for x,y £ V{H\) if {x,y) is a-good in H, then {x,y) is (Q/2)-good 
in H\. Moreover, each vertex in H\ is in at least 27i/3 (Q/2)-good pairs. 
By Lemma 14.31 

|iVf^^(„,,„,(-)l>2n/3>2|ff'|/3 

for X G V{Hx). Therefore Hx is (A'^'(m), 2, 77)-closed by Proposition O 
and Proposition 12.21 

Step 2 Since Hi is {K^{m), 2, r;)-closed, there exists a vertex set U in 
Hi satisfying the absorption lemma, Lemma [1.1 1 Set H2 = H[V{Hi)\U]. 

Step 3 By taking a sufficiently small, \V{Ti)\ + \U\ < 7n/2. Thus, 



Si{H2)>5i{H2)^l{ , J/2> 



(l+7")G) iffc = 3 
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where 7" < (7)/2)^'""fcmn/32. By Lemma 231 there exists a set T2 of 
vertex disjoint copies of Kl{m) such that \V {H2)\V {T2)\ < 'y"\H2\. 

Step 4 Set = V{H2)\V{T2). Note that Hi[U U W] contains a 
A'J(m)-factor Ta by the choice of U and W . Thus, 71 U 72 U Ti is a 
-fffe^mj-factor in H. □ 

Remark 4.6. With more work, we believe that one can determine the 
exact values of t\{n, {m)) for fc = 3, 4 and m> 2. 



5 Some lower bounds on t^{n,t) 

In this section, we give some lower bounds on t^{n,t) by constructions. 
First, we show that t''(n, fc + 1) > 2n/3 for fc > 4 even. 
Proposition 5.1. For integers k > 4 even, t'=(n, fc + 1) > 2n/3. 

Proof. We define a fc-graph H on n vertices as follows. Partition V{H) 
into three sets Vi, V2 and V3 of roughly the same size such that |Vi| 7^ IV2I 
(mod 2). A fc-set S is an edge of H if \S r\Vi\ is odd for some 1 < i < 3. 
Observe that Sk-i(H) > 2n/3— 1. We now claim that H does not contain 
a iffe+i-factor. Let T be a K^+i in H. Observe that |rn Vi\ is odd for 
1 < i < 3. Otherwise we can deduce that for some l<i<3|rnl4|is 
odd and |T n | is even for j ^ i, but T\v is not an edge for v £ T CiVi. 
Recall that |Vi| 7^ IV2I (mod 2), so 77 does not contain a if^^j^-factor. □ 

Our next task is to prove Proposition ll.51 that is to show that t^{n, t) > 
(1 — C'logt/t^) for some constant C", where we generalise a construction 
given in Proposition 1 of Pikhurko [2Uj . 



Proof of Provositton M . 5\ Let A be an integer and let c, e > be con- 
stants such that (At)^'(log At)^"' < ct^ . Let I = R{Bx,Kf_i) - 1. By 
Theorem O I = coAi^/ log(At) for some constant cq independent of t. 
Let Ho be the 3-graph on vertex set [I] with 

A2(i7"o) < A and a{Ho) <t-l, 

which exists by the choice of I. Partition [n] into Ao, Ai, . . . , Ai of size 
ao, ai, . . . , ai such that ao + ai + ■ ■ ■ + ai = n, ao is odd and ao/A, ai, 
. . . , ai are nearly equal, that is, |ao/A — ai\, \ai — aj\ < 1 for 1 < i,j < I. 
Let H he a 3-graph on vertex set [71] with edges satisfying one of following 
(mutually exclusive) properties: 

(a) lie inside Ao, 

(b) have two vertices in inside Ai and one in Ao for 1 < i < I, 

(c) have one vertex in each of Ai-^, Ai^ and Ai, with 112213 £ E{Ho)- 

We claim that H, the complement of H, does not contain a iff -factor. 
Let T be a Kf in H, so T is an independent set in H. By (a), |mAo| < 3. 
If |m Ao| = 1, then without loss of generality \T n Ai\ = I for I < i < t 
by (&), which implies [t] is an independent set in Ho contradicting the fact 
that a{Ho) < t — 1. Thus, every Kf in H has even number of vertices in 
Ao and so there is no Tff -factor in H as |y4o| = ao is odd. Also, it is easy 
to see that 

r 1 ^ ,rr^ , ^ n log(At) , , _ C' lost 

maj^{ao, g a,} . A.(77) o(n) = ^^^^^^ cot^ + ^ ^ 

for some constant C' > 0. Hence, 52{H) > (1 — C'logt/t^)n and so the 
proposition follows. □ 



n 
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6 ii'^^^-factors 

Here, we prove Theorem 11.31 which bounds t^[n,k + 1) from above for 
A: > 4. We are going to show that if _ff is a fc-graph with Sk^i{H) > 
(^1 ~ ''^2fc^°'''^ ~'~ ^hen H contains a ATf^j^-factor. The proof can be 

split into the two main steps; 

(a) Showing H is 1, 7;)-closed. 

(b) Finding an almost ii'^^j^-factor. 

We are going to tackle (6) first. The almost Jf^^j^-factor that we are 
seeking will covering all but at most vertices of H. By adopting the 
proof of Theorem 2.1 of Fischer [7], we prove the following lemma. 

Lemma 6.1. Let 3 < k < t be integers. Let H be a k-graph of order n 



with Sk-i{H) > ^1 — t(*' ) J ^ '^^'^ There, there exists a set T of 
vertex disjoint copies of in H covering all but at mostt^ (t—l) vertices. 

Proof. Consider a partition V of the vertex set V'(-ff) into t-sets V\, 
Vn/f Let Gi be the largest complete graph in Vi, where we al- 
low independent sets of size — 1 to be a complete graph. Denote by 
w : {0, . . . , R the function defined by w{Q) — to(1) = 0. and 

™(j + 1) ~ = 1 ~ ■^^T+ryP' ^® define the weighting w(7') of V 

to be X]i<j<n/i ^(I'^J !)• Assume that V is chosen such that w{'P) is 
maximal. We are going to show that for each < i < t — 1 there are at 
most t — 1 sets Vj in V with \Gj\ — i. Suppose the contrary and assume 
that IGil = ■■■ = \Gt\ = i < t. Thus, we can find Vj G Vj\V{Gj) for 
1 < j < t. For 1 < J < t and vertex t; ^ Vj, we say the pair {v,j) is a 
connection if and only if v G L{Gj). Since w{i + 1) + w{i' — 1) > 2w{i) for 
i > i' , we may assume that («, j) is not a connection if u G Vi U • ■ • U Vt+i 
and 1 < i < t+1. By the minimum (k— l)-degree condition, for 1 < j < t 
there are at least 



k-ll ' ' \\k-ll I - t 

vertices v such that {v,j) is a connection. Thus, there are at least {t — i)n 
connections («, j) with v ^ Vi U ■ ■ ■ U Vt and 1 < i < There exists 
t < j' < n/{t) such that there are more than t{t — i) connections (v' ,j) 
for v' G Vj and 1 < j < t. Without loss of generahty, we may assume 
by the Konig-Egervary Theorem (see [2] Theorem 8.32) that {v'j,j) is a 
connection for distinct v'j G Vj and l<j<t — i + 1. By moving v'j to Vj 
for l<j<t — i + 1 and {vi, . . . , vt} to VJ , wlV) increases by 

{t-i + l){w{i + 1) - w{i)) - (m(jGjl) - TO(max{fc - 1, IG^I - f + 1 + i})) 

a contradiction. □ 

Next, we are going to verify (a), that is, show that H is l,?;)- 
closed. 
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Lemma 6.2. Let k > 3 be an integer and 7 > 0. Let H be a k-graph of 
order n > no with 



where Ik, odd = 1 if k is odd and Ik, odd ~ otherwise. Then, H is 

^k 



1, r])-closed for some rj > 0. 



Proof. Let x and y be distinct vertices of H. Let G be the (fe — l)-graph 
on vertex set V{H)\{x,y} and edge set N{x) n N{y), so 

SkMG) >(l- ^^l^'""" + 27V > fl - 77^ + tV- (5) 



^k- 



Hence, we can find a fc-set T = {vi, . . . , Vk} in V{G) tfiat forms a JC,. m 
G. In fact, there are at least C^n^ choices for some constant C > inde- 
pendent of 7 and n. For u G V{G)\T, we claim that if u is in more than 
2)/2j neighbourhoods N'^{S) for S G (^^^J, then wur\i;i forms a 
7^^"^ for some 1 < i < fe. Indeed, this is true by considering the 2-graph 
G'^ on T such that Vi^Vi.^ G E{G'^) if and only if u G N° {T\{vi^,Vi.2}). 
Note that has degree fc — 1 in G'^ if and only if w U T\vi forms a K'^^^ 
in G. Therefore, if u is in more than Lfc(fc-2)/2j neighbourhoods iV'^(S) 
for S G {j,'^2)^ then e(Gu) > [k(k — 2)/2j and so G'^ contains a vertex 
«i of degree at least fc — 1 in G'^, i.e. u U T\iii forms a K^^^ for some 
1 < i < fc as claimed. 

Thus, there exists a vertex Vi G T such that uUT\vi forms a K'^~^ in 
G for at least 

1 I / U fc(fc - 2) - lfe,odd \ . /fc + lfc,odd , ... \ 

k[[k^2p-'^^^ 2 ^ i 2fc^ +(fc-l)7jn 

vertices u G V(G)\r by ©. Fix such i and let U be the set of such 
corresponding it. Note that \N^ {T\vi) nU\ > k^jn. Moreover, for each 
z G N"(T\vi) n U, {x,z} U T\vi and {y,z} U TX-Ui form A'£+i in H. 
Thus, X is (A'f^i, l,r7)-closed to y for rj = Gj^n^/k > 0. Since x and j/ 
are arbitrary, H is (A"^,!.!, l,r;)-closed as required. □ 



We are now ready to prove Theorem ll.3l Note that the second asser- 
tion of the theorem is implied by Proposition 15.11 so it is enough to prove 
the first assertion. 

Proof of Theorem \1.3[ Let fc > 4 be an integer and 7 > 0. Let iJ" be a 
fc-graph of order n with 

Sk.^iH)>(i-'-±^+^y 

and fc -I- l|n. Throughout this proof, we may assume that 7 and n are 
sufficiently small and large respectively. Note that H is {K^^i, 1, ?7)-closed 
by Lemma 16.21 Let U be the vertex set given by Lemma 11.11 and so 
\U\ < (77/2)*^'+^n/4. Let H' = H[V\U]. Note that 



dk-i{H') > 



1 _ ttlh^ + l\r.'>[l- 



2fc2 2 / - V k + 1 



where n' = n — \U\. There exists a family T of vertex disjoint copies of 
K^_^^^ in H' covering all but at most (fc-|- 1)'^ vertices by Lemma [6 . 1 1 taking 
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t = k + l. LetW = V{H')\V{T), so \W\ < {k + if < {rj/2f''+^n/32. 
By Lemma [TTI there exists a iffc+j-factor T' in H[UUW]. Thus, TuT' 
is a /f^^i-factor in il/. □ 

7 i^/'-factors 

For integers k, t, I, define the function /3(fc, t, I) as 
P{k,t,l) ^ 



Set ?o(3, t) — 1 and for fc > 4, let lo{k, t) be the largest integer / such that 



1 1 



2[l + l) < t,p{k,t,l) < , , , and /3(fc,t,Z) < ^ 



if (fc^i) > 0. Note that lo{k,t) > [min{fc, f - 2}/2j > 1 for > 4. Set 
P{k,t) =P{k,t,lQ(k,t)) and d(fc,t) = l- |^*^^^j/3(fc,t). 

The aim of this section is to show that if > (1 — P{k,t) + 7)n 

with 7 > and n is sufficiently large, then H is {K^ , i, 77)-closed for some 
i,ri > independent of n. 

Lemma 7.1. Let 3 < k < t be integers and < 7 < P{k,t). Let H be a 
k-graph of order n > no with 

Sk-i{H) > {1- P{k,t) + 'y)n. 

Then, H is {Kt , i, r])-clo3ed for some i and 77 > 0. 

Observe that this lemma implies Theorem 11.41 by modifying the proof 
of Theorem 11.31 Thus, it is enough to prove Lemma 17.11 We advise the 
reader to consider the special case when fc = 3 and t = 4 which illustrate 
all the ideas in the proof. We now give an outline of its proof. Let _ff be a 
fc-graph satisfying the hypothesis of the above lemma. Lemma 17.31 shows 
that we can partition the vertex set V{H) into Wi, . . . , Wp such that Wj 
is {K^ , i' , 77')-closed in LI for 1 < j < p with i' ,ri' ,p > independent of n. 
Then, we 'glue' Wi, . . . , Wp together using Lemma 17.51 

First, we show that |A'"^fc ^ is large for every i; £ V{H). 

Proposition 7.2. Let 3 < k < t be integers and < 7 < l3{k,t). Let 
H be a k-graph of order n with 5k-i{H) > (1 — /3(fc, t) + 7) n. Then, 
> (d{k,t) + 2j)n for v £ V{H), where 



V - 



' n i-L!,i^ 



2(t-l)! \ \fc-l 

^ ' fe-l<s<i-l \ \ 



Proof Fix fc and t. Write S, /3 and d for Sk-i{H), P{k,t) and d{k,t) 
respec 

Thus, 



respectively. Recall that L[S) — Clif^^ s ^ N{U) for s-sets 5 and s > fc— 1. 
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for s-sets S and fc— l<s<t— 1. Hence, each vertex v is contained in at 
least 



copies of K^. Fix x G V{H). Let Gx be a bipartite graph with the 
following properties. The vertex classes of Gx are V{H) and Wx, where 
Wx is the set of {t - l)-sets T in V{H) such that TUx forms a Kt. For 
1/ G ^(-ff) and T G W^^, (y, T) is an edge in Gx if and only if T U i/ forms 
a Note that for T e Wx 



We claim that there are greater than (d + 27)71 vertices 1/ G V{H) with 
d'^iy) ^ 'y\Wx\- Indeed, it is true or else 

(d + 37)n|W^,| < e(G) < 7I W.j (1 - d - 27) n + | + 27)n, 

a contradiction. The proposition follows as y is (-R't^, 1, d'^(j/)/7i*^^)-close 



Now, we show that we can partition the vertex set V{H) into Wi , . . . , Wj 
such that each Wj is (ift*^, i, 7;)-closed in H. 

Lemma 7.3. Let 3 < k < t be integers and < 7 < I3{k,t). Let LI be a 
k-graph of order n > no with Sk-i{LL) > (1 — /3(fc, t) + 7) n. Then, there 
exists a vertex partition of V{H) into Wi, . . . , Wp with 



and each Wj is {K't ,2^+^^/'^^' ^'^'^''•'1'<'>^+^ ,r])-closed in H for some p < 
\{d{k, t) + 7)"^1 , i < 2 - log2 d{k, t) and 77 > 0. 

Proof. Fixed k and t. Write 5, j3 and d for 5k-i{H), fi{k,t) and d(k,t) 
respectively. Let r]a = rj that defined in Proposition 17.21 We further 
assume that 7 < ^2^" '°S2 ''J . For 1 < i < [2 - log2 dj , let 

_ vhii^ . nt-i^^ ^ _ r -1 1 

"^^ ^ {2i+H)\ ((2'+it)!)2 ^ |'?L2-iog2d(fe,t)J I ■ 

We say i-close to mean {Kt , 2\ 77i)-close and write Ni(v) for Nj^k ji (f), 

so No{v) > (d + 27)71 by Proposition [EH Moreover, Ni+i{v) C Nt{v). 
Set V" = V. Iteratively for i > and V' / 0, we partition V into 
wi,..., wi. , V^+^ such that: 

(i) \W]\> (Td + 7)n for 1 < j < n, 

(ii) W] is (i + [l/(2*-2d7)] + l)-closed in -ff for 1 < j < n, 
(Hi) \Ni(v) n V'+^l > (2'+M + 27)11 for v G V'+'^. 

First, assume that the iteration is valid. Since < n, ri < 1/(2' d) 

by properties (i). In addition, by (Hi) the iteration must terminate after 
i steps, i.e. 1/'"'"^ — 0, for i < — logj d — 1. Therefore, it is enough to show 
the algorithm is valid. Suppose that we are given for i > 0. We are 
going to partition V into WI, . . . , W^- , F*"*"^ satisfying properties {i) — {iii) 
and the following additional property: 




d''(T) = \L{T) \ > (d + 37)7i. 



to X. 



□ 



\W,\> {d{k,t)+j)n 
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(iv) \Ni{v) n Vl\ > {2*d + (2 - 2^-Mj)7)n for v € Vj, where V* = 

Further suppose that we have aheady constructed Wi , . . . , Wj . Recall 
that Vi < l/(2'd), so by property (iv) 

\m{v)nv;\ > (2'd + 37/2)71 

for V e VJ. If \Ni+i{v) n VJl > (2'+^d + 27)n for all v € VJ , then set 
V^'^^ — Vj and ri = j. Thus, we may assume that there exists v £ VJ 
such that \N^+l{v)nVJ\ < {2'+^ d + 2'y)n. 

Let U be the set of vertices u £VJ r\ Ni(v) such that 

\N^{u)r\N,+i{v)r\Vj\ > (2'd + 47/3)71. 

Claim 7.4. The size of U is at least (2'd + 7)n and U is 2-closed in H. 

Proof of claim. Note that if \Ni(w)nNi{v)\ > y^n/lS, then w e Ni+i{v) 
by Proposition [2TT1 Thus, for each w £ V\Ni+i{v), \Ni{v) D Ni{w)\ < 
7^n/18. Therefore, by summing over all w £ V\Ni+i[v) 

mu)\m+i{v)\^ J2 \mv)nN,{w)\ 

uSiVi(ii) ™G V\iVi_|_i (u) 

<j\\V\N,+i{v)\/18<-/''n''/18. (6) 

Recall that |iV,(7i') n Vj\ > {2^+^d + 37/2)71 for u' € VJ. For u G VJ f] 
N,{v)\U 

\N^{u')\N,+l{v)\ >\{N.{u')\N,+ i{v)) n Vj\ 

=\N,{u') n VJ\ - \N,{u') n N,+i{v)) n VJ\ > ^. 

Therefore, by summing over u £ VJ f] Ni{v)\U and ([6]) 

^|l/;niVi(7;)\f/| < J2 mu')\N.+^{v)\ 

u' ev^nNi{v)\u 

< \N^iu)\N,+ r{v)\<'y\^/l8. 

Again recah that \VJ D Ni{v)\ > (2'd + 37/2)71 , so \U\ > (2'd + 7)71 as 
desired. Furthermore, for u, u G U , Ni{u) n Ni{u') is of size at least 

\N,{u) n N^+,(v) n V/1 + liV,(7i') n N,+i{v) n v;| - \N^+l{v) n y;| > 2771/3 

and so u and u' are (i + l)-close to each other by Proposition 12.11 □ 

Set Uo — U. For integers i' > 0, we define Define [7^/ to be the set 
of vertices u G VJ\[j'^^g Up such that |7V,(w') n \J'^~^ Up\ > 2'-^d'yn. 
By induction on i' together with Proposition 12.11 and Proposition 12.21 
we deduce that lJp=o {i + i' + l)-closed in H. Let io > 1 be the 

minimal integer such that \Uii \ < 2^^^djn. Clearly io < [l/(2*^^d7)] as 
Uo, Ui,. . . are pairwise disjoint. 

We set W7+1 = [jp=oUp. Note that IWj+i] > \Uo\ > (2'd + 7)7i and 
Wj^i is (i + io + l)-closed in H . Hence, WJ^i satisfies properties (i) 
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and (ii). If WJ+i = VJ, then we are done. Thus, we may assume that 
'^j+i + ^j- e ^j+i = Vj\Wi+u we have by (iv) 



\N,{w) n v;+,\ >mw) n l^'l - \N,{w) n y t/pj - 



>(2M + (2 - 2'"^dj)7)n - 2*~^d7n - 2'''^d-yn 
= (2M+(2-2'-'d(j + l))7)n 



and so V^'+i satisfies (iv). Thus, the algorithm is valid and the proof of 
the lemma is completed. □ 



The next lemma helps us to join two of WiS together. 

Lemma T.5. Let 3 < k < t be integers and < 7 < j3{k,t). Then, 
there exist an integer no = no{k,t,j) and eo = £o(fc,t, 7) > such that 
the following holds. Let H be a k-graph of order n > no with 6k-i{H) > 
(1 - /J(fc,t) + 7)n. Let X and Y be a partition of V{H) with \X\,\Y\ > 
{d{k,t) +7)n, where d{k,t) is defined in Lemma \7.3\ Then, there exist at 
least eon^^^ triples (x,y,T) with x£X,y£Y,T£ (jTi) such that both 
xUT and yUT form Kf m H. 

Proof. Fix fc, t and 7. Write 5, j3, d and Iq for 5k^i{H), /3{k,t), d{k,t) 
and lo{k,t) respectively. Set e — "({i^^i) /St and 



where C to be a small constant specified later. Without loss of generality, 
we may assume that \Y\ > \X\ > (d + 7)n. We say that a triple {x,y,T) 
is good iixGX,yGY,TG (^^^) such that both xUT and yUT form 

in H. Thus, we are going to show that there are at least eon*'^^ good 
triples. We now consider various cases. 

Case 1 : There exist Cn'~^ copies of A't'Li T such that 



For each such T, {x,y,T) is good with x € L{T) r\ X, y e L{T) n Y. 
Therefore, there are at least e^Cn*'^^ > eon^^^ good triples. 

Case 2: For some lo < s < t/2, there exist 2Cn'~^ copies of K^^i T 
such that |T n y| = s and \L{T) n y| > en. By Case 1, we may assume 
that there exist Cn*"^ of such A'*_i T with \L{T) n X| < en. Fixed one 
such T — {vi , . . . , Vt-i} with 

Tx = {Vl, . . . ,Vr} C X and Ty = {Vr + l, . . . ,«r + a} C Y, 

where r + s + 1 = t. Fix z G L(T) n Y. Recall that L(T) > (d + 37)n. 
Let L = L(T) n Y\z, so 

\L\ = \L{T)\ - \L{T)nX\ - 1 > (d + 7)n- en > (d + e)n. 

Claim 7.6. One of the followmgs holds: 

(a) \Y n L{TU z\vi)\ > en for some 1 < i < r, or 

(6) \X n L{TU z\vr+j)\ > en for some 1 < j < s. 




\L{T) n X| > en and \L{T) nY\> en. 
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Proof of claim. Let M be the set of vertices v £ V\{T U z) such that v 
is in the neighbourhoods of exactly (^~^) — 1 (k-l)-sets S € {/.'^i)- For 
1 < j < (fc-i)' number of vertices v such that « is in the 

neighbourhoods of exactly i (k-l)-sets of S G ■ Note that Ui — n, 

> |M| = n|-t-i-j_j and n^t-i'^ < \L\ + en + S. Therefore, 

2|L| + |A/| + 3. > ^ zn, - 1^1^*3 -2j^n. 

>2n-(^^-J^{n^S). (7) 

Denote by R and S* be the sets M n X (1 L{Tx) and M (lY (1 LiTy) 
respectively. Thus, we have 

|i^l + |51>|M|-((,:^) + (,:^))(n-.). (8) 

Set Si = S n L{T\vi) and for 2 < i < r, set Si = 5* n L{T\v,)\ Sj. 
Observe that Si , . . . , Sr form a partition of S. Note that 

ISin fl N{z^u)\> Y. 15iniV(zu[/)l- ( -i) lSi|. 



The left hand side is at most \Y r\ L{T VJ z\v\)\, so we may assume that it 
is less than en or else (a) holds for i = 1. Similarly, we may assume that 
for 1 < i < r 

^ \S.r^N{zVJU)\-((l'j\-l]\SA<en. (9) 



Next, we apply similar arguments on R. Set Ri — RC] L{T\vr+i) and 
for 2 < j < s, Rj = Rn L{T\vr+j)\ Ui<j R.- Again, Ri,...,Rs form a 
partition of 7?. Similarly, we may assume that for 1 < j < s, 



^ \R,nN{zuU)\-ll 



t-2 
k-2 



(10) 



or else (b) holds. Let L' to be the set L n L{Ty- U z), so 
lL'l=lin Pi iV(zUf/)| > 1L| - J2 \L\N{zUU)\ 

+ E ( E \SAN{zuu)\+ J2 \RAN{zuu)\]. (11) 

In addition, for U G (fc^2)\(*^2)' ^® have 

iL'niV(zUJ7)| > |L'| +<5-n+ ^ \Si\N{zUU)\+ ^ |7?j\A^(^ U (7)|. 

l<i<r l^J^s 

(12) 
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We claim that 2]L n Ui<i<r U z\v^)\ is at least 



\L'nN{zVJU)\-\\l_\]-i^'_^\-2\\L'\. (13) 



Note that this is twice the number of vertices y £ L' such that y is in 
the neighbourhood of N{z U U) for all but at most one U £ {k-2)\{.k-2) ■ 
Let y be such a vertex. In order to show that (|13|) holds, it is enough to 
show that J/ G |L n L{T U 2\i;i)| for some 1 < i < r. Let W be the set of 
U G [^_^ such that y G N{z U f/). Note that ( Jjj) C W as y G i' and so 
|W| > (*32) ~ 1- Define A to be the family of sets in Tx such that if ^ G ^ 
then A U S G W for every B G (f,„^r|^|) ■ Since U misses at most one set 
in (^,"^2)' contains all but at most one subsets ^0 in Tx, say vi G Aq 
if exists. Therefore, A contains all subsets of {v2, ■ ■ ■ ,Vr}. Moreover, the 
set {v2, . . . , Dt-i, 2, y} forms a Kt and so H13|) holds. 

Finally, by (HSJ, dHJ, dTTJ, ®, GSJ, dHl) and 0, we can deduce that 

2\L n ^ U ^ LiT U A^O 1 > 2li^l - ( (l : 2) + (fc ! 2) ) - ^) 

+ E ( E |5,W(^ut/)|+ Y. \RAN{zvju)\\ 

>m + 1^1 + 1^1 - ( (r 2) + (fc ! 2) ) ('^ - ^) - - 

>(2- (t + 2).)n- f ' \ + + 



>2(t- l)en. 



and so (a) holds for some 1 < i < r. Hence, the proof of Claim \7£\ is 
completed. □ 

Suppose that Claim rTBl fal holds for i — 1 say, then \Yr]L{TLIz\vi)\ > 
en. The triple {vi,y,T') is a good triple for y G Yr]L{TUz\vi). Similarly, 
if Claim FTGI (b) holds for j = 1 say, then {x,Vr+i,T') is a good triple for 
X £ X C] L{T U z\vr+i). Thus, for each such T and z, we can find at 
least en good triples {x,y,T') (counting with multiplicities) such that 
TU z C T' U {x,y}. Therefore, there are at least 

Cn^~^ X dn X en ^ , 1 

good triples in H' . 

Case 3: For some lo < r < t/2, there exist 2Cn*~^ copies of Kt_i 
T such that \T (1 X\ = r and |L(T) n X| > en. Notice that this is the 
symmetrical case of Case 2. Since we do not require the fact |X| < \Y\ in 
the arguments in Case 2, we can deduced that there are at least eon*^^ 
good triples in H. 
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Case 4: We have A; = 3 and there exist 2Cn*~^ copies of Kf_i T such 
that T C X and \L{T) r\Y\ > en. By Case 1, we may assume that there 
exist Cn*~^ of such Kf_i copies of T with |L(T) n X\ < en. Fixed one 
suchT = {vi, . . .,vt-i} and z G L{T)nY. RecaU that \L{T)\ > {d + 3'y)n. 
Let L = L{T) n Y\z, so 

1^1 > \L{T)\- en~l> {d+e)n. 

Similarly to Case 2, the following claim would imply that there are at 
least eon*'*'^ good triples in H. 

Claim 7.7. For some l<i<t-l. \Y n L{T U z\v^)\ > en. 

Proof of claim. Let M be the set of vertices v G V\{T U {z}) such that 
u is in the neighbourhoods of exactly ((*^^) — l) 2-sets S G {^'^i)- For 
1 < i < (*2^), let ni be the number of vertices v such that v is in the 
neighbourhoods of exactly i 2-sets of 5* G (^). Note that "^nt = n, 
"^2 > ('2^)5, \M\ = n^f-i^_j^ and l-'^l + en + 3. Therefore, 

2|L1 + +3e > 2n- "^j (n-<5). (14) 

Let S ^ Mn Y, so IS"] > |A/| - n/2. Set Si ^ S n L{T\vi) and for 
2<i<t-l, Si = 5'ni(r\uO\Uj<i Sj. observe that Si,.. .,St-i form 
a partition of 5*. Note that 

is-in Pi n{zu)\> \SinN{zu)\-{t-3)\Si\. 

ueT\vi ueT\vi 

Observe that Si n HueTVui ^{zu) C L{T U z\vi). Therefore, we may 
assume that the left hand side of the above inequality is less than en 
or else the claim holds for i — 1. Similarly, we may assume that for 
1 < J < i - 1 

\SjnN{zu)\-{t-3)\Sj\<e7i. (15) 

It is easy to see that for u £ T, 

\LnN{zu)\>\L\+5-n+ J2 \SAN{zu)\ (16) 

l<i<t-l 

Note that 

2\Ln \J L{TUz\v,)\> J2 \LnN{zu)\- {t-3)\L\. 
i<j<t-i ueT\vi 

Thus, by UHll, dHJ and we have 

>2\L\-{t-l)(n-S)+ J2 E \SAN{zu)\ 

l<i<f-l ueT\vi 

>2\L\ -(t- l){n -S) + \S\ -{t- l)en 

>2\L\ + \AI\ - (t - l)(n - (5) - n/2 - {t - l)en 



>(3/2 -{t + 2)e)n - y^j {n - S) > 2{t - l)en. 

Hence, \Y n L(T U z\vi)\ > \L n L{T U z\vi)\ > en for some l<i<t-l. 
The proof of Claim [7771 is completed. □ 
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Case 5: All of Cases 1-4 do not hold. We first consider the case when 
A; = 3. Since 5 > n/2, there exist at least d^{S — l/2)n^/2 edges with 2 
vertices in X and one in Y. Furthermore, each edge can be extended to 
a Kf_i, so there are at least 

copies of Kf_i with at least two vertices in X and one in Y. Hence, we 
may assume that there exist at least C'n*~^ /t copies T of K^-i such that 
|r n A'l = r and \T nY\ = s for some r > 2 and s > 1. Assume that 1 < 
s < t/2. Since Case 1 and Case 2 do not hold, for all but at most 2Cn'~^ 
such T we have \L(T) n y| < en and so \L(T) n A"| > (l - {'-^)l3 + e) n. 
Therefore, there are at least 

(d + 2e) {C' -2C)n/t'^ 

copies U of Kf with \U n X\ = r + 1 and \U nY\ = s. Suppose that 
C is sufficiently small such that d(C" - 2C)/t'^ > 2C. By an averaging 
argument, there exist at least 

d{C' - 2C)n~^/t^ > 2Cn~^ 

copies T' of K^_^ such that |r' n = s - 1 and \L{T') n y| > en 
contradicting either Case 2 or Case 4. A similar argument holds for 2 < 
r < t/2. Hence, Lemma 17.51 holds for = 3. 

For fc > 4, recall the definition of Zo, lA] > (d + 7)n and \Y\ > n/2- 1. 
Hence, by greedy algorithm we can first find a K^^^ in X, extend it to a 
^2(1+1) with I + 1 vertices in each of X and Y, and further extend it to a 
ift'Li. Thus, there are at least C"n* ^ copies of K^-i with at least / + 1 
vertices in each of X and Y . By a similar argument as the case fc = 3 we 
obtain a contradiction. The proof of Lemma 17.51 is completed. □ 

We are now ready to prove Lemma |7. II 

Proof of Lemma \7.1\ Fixed k and t. Write /3 and d to be p{k,t) and 
d{k,t) respectively. Let H be a k-graph of order n sufficiently large with 
5k-i{H) > (1 — /3-|-7)n. By Lemma 17.31 we can partition V{H) into 
Wi,...,Wp such that \Wj\ > dn and Wj is (A'j*^, io, 77i)-closed in H for 
1 ^5 J ^ P a-iid some io, p and -qi independent of n. 

For l<j < p, we say that (j, 7;j)-close to mean [Kt , j{io + 1) — 1,7]^)- 
close, where r/j > is a sufficiently small constant independent of n and 
its value will be become clear. Therefore, by Proposition 12.21 in order to 
prove the lemma, it is enough to show that for vertices xq and yo, they 
are {j, r;j)-closed for some 1 < j < p. There is nothing to prove if xo and 
yo are in the same Wj. Thus, we may assume that xo G Wi and yo £ Wp 
with p > 2. 

Let X — Wo and Y = IJi'=2 Lemma 17.51 there are at least 

eon*+^ triples {x,y,T) with x € X, y €Y,T e {^Z^) such that both xUT 
and yUT form in H. Thus, there is an integer 2 < j < p such that 
there are at least eon*+^/(p— 1) such triples with x G Wi and y € Wj. 
Arbitrarily pick yj £ Wj. Therefore, there are at least eon*^^/2(p — 1) 
such triples with x € W^i\2:o and y € Wj\yj. Fix one such triple {x,y, T). 
Let m = lot — 1. Since x € Wi and so x is (1, 77i)-close to xo, there exist 
at least 

riin — (t + l)n > r;i?i /2 
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m-sets Sx such that Sx n (TU {a::o, yj,x,y}) = and both HlSx'Jxo] and 
H[Sx Ux] contain -factors, and fix one such Sx- Similarly, as y € Wj, 
there are at least 

m-sets Sy such that S'y n (Sx UTUjxo, 2/j , a;, y}) = and both //[SyUyj] 
and //[SyUy] contain _ftr^-factors, and fix one such Sy ■ Set S — SxUSvU 
T U {x, y\. Note that both H{S U a:;o] and //[5 U y^] contain /f^'-factors 
and |S| = (2io + l)t — 1. Therefore, there at least 



((2io + l)f-l)! 2(p-l) 2 2 ((2io + l)f-l)!8(p-l) 

distinct S, so and are (2, 772)-close to each other with 772 — eo'7i/(((2i()-f 
l)t — l)!8(p — 1)). Recall that yj € Wj is chosen arbitrarily, so xo is (2,772)- 
close to every vertex in Wj . If J = p, then we are done. Without loss of 
generality, we may assume that j = 2. By repeating the argument for the 
vertex partition W\ U W2, VK3, . . . , W^, we conclude that is (p, 77p)-close 
to yo- Thus, H is (p, 77p)-closed. □ 



8 Remarks on Theorem 11.41 

Note that h(k,k -I- 1) = 1 for t = 3, 4 and Zo(fc,fc -I- 1) > 2 for t > 5. 
Thus, we have the following corollary by combining Theorem 11.31 and 
Theorem [Ol for t = fc -f 1. 

Corollary 8.1. For integers n> k > 3 with k + l\n, 



t''{n, k + 1) < < 



(^+o(l))n 



(if +0(1))" 
(f +o(l))n 



ifk = 3 
ifk = 4 
i/fc = 5 
i/fc = 6 



I - ^^^^§r^ + o{l)) n ifk>7. 



Moreover, equality holds for k — 3. 

Note that the bounds in Theorem 11.41 are due to Lemma 16.11 and 
Lemma [7. II If t is large compared to k, then the bound from Lemma [6.11 
dominates. It should be noted that by a simple modification of the proof 
of Lemma [6JJ we can show that if 



t-1 



1 n 



with n sufficiently large then there exist vertex disjoint copies of cov- 
ering all but at most 7'n, where 7, 7' > 0. Thus, we can deduced that 



t''{n,t) < 



1-/J(fc,t) + 7,1- 



t- 1 



7 > n, 



where 7 are strictly positively functions tending to zero as n — >■ 00. As we 
have mentioned in the introduction, we would like to know the asymptotic 
values of t'°(n, t). 
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